Based on the notions of both contractibility and local contractibility, many works were done in fixed point theory. The present paper concerns a relation between digital contractibility and the existence of fixed points of digitally continuous maps. In this paper, establishing a new digital homotopy named by a K-homotopy in the category of Khalimsky topological spaces, we prove that in digital topology, whereas contractibility implies local contractibility, the converse does not hold. Furthermore, we address the following problem, which remains open. Let X be a Khalimsky (K-for short) topological space with K-contractibility. Then we may pose the following question: does the space X have the fixed point property (FPP)? In this paper, we prove that not every K-topological space with K-contractibility has the FPP.
Introduction
It is well known that Schauder's fixed point theorem [] implies that a nonempty compact convex subset X of a Banach space has a fixed point for any continuous self-map of X. Before referring to the work, first of all, we need to recall that a topological space X has the FPP if every continuous self-map f of X has a point x ∈ X such that f (x) = x. Since every singleton obviously has the FPP, in studying the FPP of spaces, all spaces X (resp. digital images (X, k)) are assumed to be connected (resp. k-connected) with |X| ≥ . In relation to the Lefschetz and Borsuk fixed point theorems [, ] , there was the following conjecture [] : let X be a contractible and locally contractible space.
Then it has the FPP for compact mappings.
(.)
Borsuk [] proved that this conjecture is true in finite-dimensional metric spaces. Besides, various cases of the conjecture were proved by Cellina [] and Fryszkowski [] . As referred in (.), the contractibility of a space X plays an important role in studying the FPP of X and its applications. Thus, many works [, -] associated with contractibility are well developed. Digital topology has a focus on studying digital topological properties of nD digital spaces, whereas Euclidean topology deals with topological properties of subspaces of the nD real space, which has contributed to the study of some areas of computer sciences such as computer graphics, image processing, approximation theory, mathematical morphology, optimization theory, and so forth [-] . To study digital spaces (see Definition ), first of all, we have often followed the method established by Rosenfeld [] , the socalled graph theoretical approach (i.e., the Rosenfeld model) [, -], which is proceeded in many works. Second, one of the well-studied areas is a K -topological space [-] . A number of properties of the Khalimsky nD space have been also used to study digital spaces [, , ]. Finally, we have used Marcus-Wyse (M-for short) topology [-] to study only D digital images.
The present paper develops a K -topological version of the conjecture (.) and some related works posed by Borsuk. At this moment, we need to recall the following differences between metric-based fixed point theory and K -topology-based fixed point theory.
A K -topological space is not a metric space (see Remark .), contrary to the assumption required by Borsuk. Furthermore, unlike the difference between contractibility and local contractibility in classical mathematics, the present paper proves that their digital versions have their own features (see Theorem .).
In digital topology, there are several types of contractibilities associated with the corresponding digital homotopies [, , , , ]. After developing a K -homotopy, we prove that whereas in K -topology contractibility implies local contractibility, the converse does not hold. Similarly, we prove that whereas k-contractibility of a digital image (X, k) implies local k-contractibility, the converse does not hold.
Rosenfeld ( This means that only a singleton has the FPP in digital topology in a graph-theoretical approach. Nevertheless, Ege Hence, in this paper, we will mainly focus ourselves on studying the FPP of K -topological spaces instead of digital images (X, k). Besides, we deal only with finite K -topological spaces (or compact spaces), and we can propose a digital version of (.) as a conjecture because contractibility implies local contractibility in digital topology (see Theorem .) as follows: let X be a K -topological space with K -contractibility.
Then it has the FPP for K-continuous mappings.
(.)
To address the conjecture (.), the present paper proves that K -contractibility of a finite K -topological space need not imply the existence of fixed points of K -continuous maps (see Theorems . and .).
The rest of the paper is organized as follows. Section  provides basic notions and terminology from digital topology. Section  develops a new digital homotopy named by a K -homotopy to study K -contractibility. Section  investigates various properties of contractibilities in digital topology and compares them. Besides, we develop a digital version of local contractibility and prove that whereas contractibility implies local contractibility, the converse does not hold. Section  proves that not every K -topological space with K -contractibility has the FPP, which is negative to the conjecture (.). But a simple K -path has the FPP satisfying the property (.). Section  concludes the paper with summary and further works.
Preliminaries
Let Z, N, and Z n represent the sets of integers, natural numbers, and points in the Euclidean nD space with integer coordinates, respectively. Herman [] gave the following:
, where X is a nonempty set, and π is a binary symmetric relation on X such that X is π -connected.
In Definition , we say that X is π -connected if for any two elements x and y of X, there is a finite sequence (
Remark . In Definition , we can consider the relation π according to the situation such as the digital k-adjacency relation of (.) below and the K -adjacency relation of Definition , which are both symmetric relations.
As referred in (.), owing to the property (.), the present paper mainly studies the FPP from the viewpoint of K -topology. First, to study the property (.), let us recall basic notions and terminology from digital topology such as k-adjacency relations of nD integer grids, a digital k-neighborhood, digital continuity, and so forth [-]. As a generalization of digital k-connectivity of Z n , n ∈ {, , } [, ], we will say that two distinct points 
where Figure ) . Rosenfeld [] called a set X ⊂ Z n with a k-adjacency a digital image and denoted it by (X, k). By using the k-adjacency relations of Z n of (.) we say that a digital k-neighborhood
, the digital k-neighborhood of x  ∈ X with radius ε is defined in X to be the following subset [] of X:
where l k (x  , x) is the length of the shortest simple k-path in X from x  to x, and ε ∈ N.
Second, let us now briefly recall some basic facts and terms related to K -topology. Motivated by the Alexandroff space [], the Khalimsky line topology on Z is induced by the set {[n -, n + ] Z : n ∈ Z} as a subbase [] , where for two distinct points a and b in Z, [a, b] 
where the point p :
odd) and p  is odd (resp. even).
In this paper, each space X ⊂ Z n related to K -topology is considered to be a subspace
Let us now recall the structure of (Z n , κ n ). In each of the spaces of point and a mixed point, respectively. In relation to the further statement of a pure point and a mixed point, we can say that a point x is open if SN K (x) = {x}, where SN K (x) means the smallest neighborhood of x ∈ Z n . Many studies have examined various properties of a
Let us recall the following notions for studying K -topological spaces.
. Then we define the following:
We say that a K -path from x to y in X is a sequence ( Furthermore, we say that a simple closed K -curve with l elements in Z n , denoted by Remark . Each K -topological space is not a metric space because it is neither a T  -space nor a regular space although it has a countable basis (see the property (.)). Besides, in case we follow a graph-theoretical approach for studying digital spaces (or digital images), a mapping between digital spaces is a graph homomorphism instead of a topological (compact) mapping.
Development of a Khalimsky homotopy and its properties
This section firstly develops the notion of a K -homotopy and investigates various properties of a K -homotopy, which will be used to study both contractibility and local contractibility from the viewpoint of digital topology in Sections  and . Let us now recall some properties of digital spaces in a graph-theoretical approach. To map every k  -connected subset of (X, k  ) into a k  -connected subset of (Y , k  ), the paper [] established the notion of digital continuity of maps between digital images. Motivated by this approach, the digital continuity of maps between digital images was represented as follows.
In Proposition ., in case k  = k  , the map f is called a k  -continuous map. By using this concept we establish a digital topological category, denoted by DTC, consisting of two sets [] (see also [] ):
• for any set X ⊂ Z n , the set of (X, k) in Z n as objects of DTC;
• for every ordered pair of objects (X i , k i ), i ∈ {, }, the set of all (k  , k  )-continuous maps as morphisms of DTC.
In DTC, in case k  = k  := k, we will particularly use the notation DTC(k) [] . Based on the pointed digital homotopy in [, ], the following notion of a k-homotopy relative to a subset A ⊂ X is often used to study a k-homotopic thinning and to classify digital images (
Then we call F a (k  , k  )-homotopy relative to A between f and g and we say that f and g
. In addition, if k  = k  and n  = n  , then we say that f and g are pointed k  -homotopic in Y . If, for some x  ∈ X,  X is k-homotopic to the constant map in the space {x  } relative to {x  }, then we say that (X, x  ) is pointed k-contractible [, ]. 
The following notion of a digital homotopy equivalence was firstly introduced in [, ] to classify digital images in DTC.
In this case, we use the notation X (k  ,k  )·h·e Y . Furthermore, if k  = k  and n  = n  , then we call h a k  -homotopy equivalence, and we use the notation X k  ·h·e Y .
We say that a digital image (X, k) is k-contractible if X k·h·e {x  } for some point x  ∈ X. Motivated by both the k-homotopy in Definition  and the k-homotopy equivalence in Definition , their K -topological versions are obtained (see Definitions  and ) in K -topology. Let us now recall the K -continuity of maps between K -topological spaces. As usual, for two K -topological spaces (X, κ
. Namely, we can represent it as
By using spaces (X, κ n X ) := X and K -continuous maps, we have a topological category, denoted by KTC, consisting of the following two sets []:
() for any set X ⊂ Z n , the set of spaces (X, κ n X ) as objects of KTC denoted by Ob(KTC); () for all pairs of elements in Ob(KTC), the set of all K -continuous maps between them as morphisms. To study K -topological spaces in Z n , we need to recall a K -homeomorphism as follows:
In (Z n , T n ), we say that a simple closed K -curve with l elements in Z n is a path Since the Khalimsky nD topological space is a box product of the Khalimsky line space (Z, κ), we obviously obtain the following:
() (Z n , κ n ) is assumed to be a proper subspace of (Z n+ , κ n+ ) with the relative topology
is assumed to be a proper subspace of (Z n+ , κ n+ ) with the relative topology on Z n induced by (Z n+ , κ n+ ), n ∈ N.
By Lemma ., we obtain the following:
Proof () It suffices to prove that any Figure (a) ), 
where the symbol means the cardinality of a given set. Then we establish a K -homeomorphism between SC n i ,l K , i ∈ {, }, as follows: for the points x i , x j , y i , and y j in (.), consider the mapping 
Let us now establish the notion of a K -homotopy. Furthermore, consider any (X, κ 
Then we say that F is a K -homotopy between f and g, and f and g are K -homotopic in
In KTC, we say that a K -topological space X is K -contractible if the identity map  X is K -homotopic in X to a constant map with the space consisting of some point x  ∈ X.
Remark . (Comparison between a k-homotopy in DTC and a K -homotopy in KTC)
() Comparing the K -homotopy in Definition  with the k-homotopy in DTC (see Definition ), we find some differences between them (see Remark .).
Owing to the K -topological structure of X := (X, κ n  X ), first of all, the set X × [, m] Z of Definition  and that of Definition  are different from each other because the latter has the K -topological structure. Second, depending on the situation of X in Definition , we need to take the number m of ([, m] Z , κ [,m] Z ) even or odd, so that we do the required process under a K -homotopy as in Definition .
For instance, let us assume (X, κ
In case (X, κ We say that a digital space (X, κ n X ) is K -contractible if X K·h·e {x  } for some point x  ∈ X. Up to now, we have studied the notions of a K -homotopy and a K -homotopy equivalence and their properties. 
Proposition . The k-homotopy equivalence in DTC and the K -homotopy equivalence in KTC have their own features, where the k-adjacency relation is taken from (.).
Proof Let us compare among two homotopies in terms of the pictures in Figure  . We can see some intrinsic processes depending on the corresponding homotopies.
() In Figure  
A relation between digital contractibilities and local contractibilities
The notions of contractibility and locally contractibility play an important role in many areas of mathematics [, , , ]. We say that a contractible space is precisely one with the same homotopy type of a singleton [] . Furthermore, its digital versions have been developed in Definitions  and  in DTC and KTC, respectively. In relation to the study of the conjecture (.), we need the following: In classical mathematics, it is well known that contractible spaces are not necessarily locally contractible nor vice versa [] . For instance, whereas any CW -complex is locally contractible and any paracompact manifold is locally contractible [], they need not be contractible,for example, the nD sphere S n , n ∈ N. Although the comb space [] is contractible, it cannot be a locally contractible space. Besides, the cone on the Hawaiian earring space [] is contractible, but it is not locally contractible.
To deal with the conjecture (.), we need to establish digital versions of local contractibilities in DTC and KTC. Motivated by the notion of local contractibility in Definition , let us establish their digital versions in DTC and KTC. (Z  , κ  ): Figure  () and
Then it is clear to see that the maps F and G are K -homotopies on SN K (x  ) and SN K (y  ), respectively. Furthermore, it is obvious that they make both SN K (x  ) and SN K (y  ) K -contractible.
By using the method similar to the case of (Z  , κ  ) we can prove the K -contractibility of
Let us investigate some properties of K -contractibility in KTC.
Proof We will proceed in two steps.
Step . Let us consider a K -path in Z n , denoted by X := (
, where x i ∈ X , that is, x i and x j are K -adjacent to each other. Then consider the map
given by
Then this map F is a K -homotopy (see the process of F(x, ) in Figure  ). Step . Since X is a simple K -path, by Proposition . we have a
It is obvious that the K -contractibility of a simple K -path is equivalent to the K -contractibility of (
. Hence, it suffices to prove that the identity map  [ 
Since the number l is finite, for some m ∈ N and any s ∈ [, l] Z , define the map (see Figures (a) and (b))
It is clear that H is a K -homotopy between  [,l] Z and the constant map C {} , which is the trivial identity map on the singleton {}. Concretely, combining Steps  and , for some m ∈ N, we obtain the map given by (see the process with combined F(x, ) and
Then we see that G is a K -homotopy between  (X,κ n X ) and C {x  } , which implies the K -contractibility of a K -path. ) that is not K -contractible. By Proposition ., whereas it is locally K -contractible, it is not K -contractible.
Contractibility and fixed point property: the case of Khalimsky topological spaces
To study the FPP of digital spaces, we need to recall again that a digital space X (resp. digital image (X, k)) is connected (resp. k-connected) and |X| ≥ . Let us now move to the conjecture posed in (.).
Question In KTC, is the conjecture (.) valid?
We say that a K -topological space (X, κ n X ) has the FPP if every K -continuous self-map f of X has a point x ∈ X such that f (x) = x.
Let us now study some properties of K -topological spaces from the viewpoint of fixed point theory.
In KTC, we say that a K -topological invariant is a property of a K -topological space that is invariant under K -homeomorphisms.
Proposition . In KTC, the FPP is a K -topological invariant.
Proof Suppose that (X, κ 
